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1. INTRODUCTION 

Since it is fundamentally unstable, highly nonlinear, and 

underactuated, the inverted pendulum system is one of the 

most traditional and difficult benchmark problems in 

control engineering. This makes it a perfect testbed for 

new control strategies before implementing them in real-

world systems like humanoid robots, autonomous 

vehicles, and rockets during launch [1],[2]. 

Although PID and other traditional control methods are 

easy to use, they frequently have trouble with big 

disturbances and nonlinearities [3]. More sophisticated 

Index Terms  Abstract 
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fractional derivative, LMI, 

nonlinear systems and Lyapunov 

stability. 

This paper uses a conformable fractional derivative (CFD) to analyze stability and design 

controls for nonlinear systems, specifically the inverted pendulum. The system is 

described as a linear component and a nonlinear component that satisfies a Lipschitz 

condition, and a nonlinear state-space model is generated. An adequate stability condition 

is obtained using a quadratic Lyapunov function, which is then converted into a linear 

matrix inequality (LMI) via the Schur complement, with an additional term that accounts 

for the worst-case effect of nonlinearities. A feedback gain that ensures stability is 

obtained by resolving this inequality. The Lipschitz constant determines the controller's 

aggressiveness. The performance of the controller is shown when the integer order 

mathematical model is replaced with fractional order one. 
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techniques have performed better. However, they can be 

computationally intensive and usually require exact 

mathematical representations [4]. The majority of current 

control schemes make the assumption that system 

dynamics are governed by integer-order differential 

equations, yet many physical events display fractional-

order behavior that is difficult for standard models to 

adequately represent.[5]. The conformable fractional 

derivative (CFD), which satisfies standard properties like 

the chain rule, product rule, and derivative of a constant, 

was proposed in 2014 by Khalil and his colleagues, 

including Al Horani and Yousef. It reduces exactly to the 

ordinary derivative when the fractional order equals one 

[1], [5].  

For more than a century, Lyapunov's direct method which 

commonly uses a quadratic Lyapunov function to 

generate stability conditions has been the cornerstone of 

stability analysis for control design, where a basic 

consideration is whether the system will remain stable.[6]. 

These conditions frequently result in matrix inequalities 

that can be expressed as linear matrix inequalities (LIMs), 

which are convex optimization problems that can be 

effectively resolved with interior-point techniques and 

software.[7]. The stability requirement for the linearized 

inverted pendulum can be converted into a 

straightforward linear matrix inequality (LMI).[8]. 

The system's nonlinearities, such as the sine and cosine of 

the pendulum angle and the square of the angular velocity, 

present the true difficulty, though, as they cannot be 

disregarded when the pendulum deviates significantly 

from the vertical position. [9]. The nonlinear function 

satisfies a Lipschitz condition under plausible 

assumptions, enabling us to take nonlinearities into 

account. [4]. An improved stability condition can be 

obtained by incorporating the Lipschitz condition (LC) 

and handling the cross terms that arise in the Lyapunov 

derivative using Young's inequality.[4]. The Schur 

complement lemma can be utilized to linearize this new 

condition, producing a larger linear matrix inequality 

(LMI) that ensures stability even when nonlinear terms 

are present. [10], [11], [12], [13]. 

Three key concepts are included in this paper: linear 

matrix inequality techniques (LMI) for systematic 

controller design, Lyapunov stability theory for rigorous 

analysis, and conformable fractional derivative (CFD) for 

flexible modelling [10]. The main contributions include 

creating a comprehensive nonlinear state-space model for 

the inverted pendulum using the conformable fractional 

derivative (CFD), using a quadratic Lyapunov function to 

derive sufficient conditions for asymptotic stability, 

extending the analysis to account for nonlinearities using 

Young's inequality and the Lipschitz condition (LC), 

using MATLAB to solve the linear matrix inequalities 

(LMIs) numerically to obtain explicit controller gains, and 

comparing the performance of the linear controller with 

the nonlinear one [14].  

The structure of the paper is as follows: The mathematical 

preliminaries are covered in Section two. The inverted 

pendulum's nonlinear state-space model is derived in 

Section three. The primary theoretical findings, 

specifically LMI-based stability requirements and the 

construction of a state feedback controller with proof, are 

presented in Section four. The simulation results of the 

considered system are shown in section 5 With simulation 

results, and the conclusion ins in section 6. 

2. PRELIMINARIES AND PROBLEM 

FORMULATION 

The basic definitions and lemmas utilized in this study are 

presented in this part, along with significant details about 

conformable fractional derivatives (CFD). The following 

definition applies to the conformable fractional 

derivatives used: 

Definition 2.1: (Conformable Fractional Derivative) 

[2], [10]: For a function 𝑓: [0, +∞) → ℝ, the conformable 

fractional derivative of order 𝛼 ∈ (0,1] is defined as: 

𝐷𝑡
𝛼𝑓(𝑡) = lim

𝜖→0

𝑓(𝑡 + 𝜖𝑡1−𝛼) − 𝑓(𝑡)

𝜖
 (1) 

∀𝑡 > 0 and 0 < 𝛼 ≤ 1. 

Property 1 [1]: If 𝑓 is differentiable, then (1) is 

equivalent to: 

𝐷𝑡
𝛼𝑓(𝑡) = 𝑡1−𝛼   

𝑑𝑓(𝑡)

𝑑𝑡
 (2) 

For simulation purposes, this property is essential since it 

enables us to convert the conformable differential 

equations into ordinary differential equations. 

Lemma 2.1: [10], [11], [15]: Let 𝑥: [𝑎, +∞) → ℝ𝑛 such 

that 𝐷𝑡
𝛼𝑥(𝑡) is well defined on [𝑎, +∞). Consider an SDP 

matrix 𝑃 . So, 𝐷𝑡
𝛼𝑥𝑇𝑃𝑥(𝑡)  ∃  on (𝑎, +∞)  and we have, 

∀𝑡 > 𝑎: 

𝐷𝑡
𝛼𝑥𝑇𝑃𝑥(𝑡) = 2𝑥𝑇(𝑡)𝑃𝐷𝑡

𝛼𝑥(𝑡),  

Definition 2.2: [16]. A function ∆: ℝ𝑛 → ℝ𝑛  is said to 

satisfy the Lipschitz condition in a domain 𝐷 ⊂ ℝ𝑛  if 

there exists a constant 𝐿 > 0 such that: 

∥ ∆(𝑥1) − ∆(𝑥2) ∥≤ 𝐿 ∥ 𝑥1 − 𝑥2 ∥ ,   ∀𝑥1, 𝑥2 ∈ 𝐷  (3) 

The constant 𝐿 is called the Lipschitz constant. 

Corollary 1 [3]: If ∆(0) = 0, then (3) implies: 

∥ ∆(𝑥) ∥≤ 𝐿 ∥ 𝑥 ∥ ,   ∀𝑥 ∈ 𝐷       

Equivalently: 

∆(𝑥)𝑇∆(𝑥) ≤ 𝐿2𝑥𝑇𝑥 = 𝐿2𝑥𝑇𝐼𝑛𝑥 

Remark 1 [17]: The Lipschitz condition is widely used in 

nonlinear control theory to quantify the "growth rate" of 

nonlinear functions. Many physical systems, including the 

inverted pendulum with bounded angles and velocities, 

satisfy this condition locally. 

Definition 2.3 (Asymptotic Stability) [18]: The 

equilibrium point 𝑥0 = 0  is said to be asymptotically 

stable if: 

• For every 𝜀 > 0 , there exists  𝛿 > 0  such that  ∥

𝑥(0) ∥< 𝛿  implies  ∥ 𝑥(𝑡) ∥< 𝜀 for all 𝑡 > 0 

(stability in the sense of Lyapunov). 

• There exists 𝜂 > 0 such that ∥ 𝑥(0) ∥< 𝜂  implies  
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𝑙𝑖𝑚
𝑡→∞

∥ 𝑥(𝑡) ∥= 0   

Theorem 1 (Lyapunov's Direct Method for 

Conformable Fractional Systems) [19]: Consider the 

conformable fractional-order system: 

𝐷𝑡
𝛼𝑥 = 𝑓(𝑥),        𝑓(0) = 0 

with 𝛼 ∈ (0,1].  Let 𝑉:ℝ𝑛→ 𝑅  be a continuously 

differentiable function. If there exists a positive definite 

function 𝑉(𝒙) such that: 

𝐷𝑡
𝛼𝑉(𝑥) < 0, ∀𝑥 ≠ 0 

then the equilibrium point is asymptotically stable. 

Remark 2 [10], [11], [12]: The most common choice for 

𝑉(𝑥) is the quadratic Lyapunov function: 

𝑉(𝑥) = 𝑥𝑇𝑃𝑥    

Where 𝑃 = 𝑃𝑇 > 0  is a symmetric positive definite 

matrix 

Lemma 2.2 (Schur Complement) [10], [13]: Consider a 

symmetric matrix partitioned into blocks: 

𝑀 = [
𝑄 𝑆

𝑆𝑇 −𝑅
]     

𝑀 < 0   ⇔ 𝑄 + 𝑆𝑅−1𝑆𝑇 < 0        

where: 

• 𝑄 ∈ ℝ𝑛×𝑛 , 𝑅 ∈ ℝ𝑚×𝑚 are symmetric and 𝑆 ∈

ℝ𝑛×𝑚 

• If 𝑅 > 0, then the following equivalence holds: 

𝑀< 0   ⇔ 𝑄 − 𝑆𝑅−1𝑆𝑇 < 0 

3. STATE-SPACE MODEL OF THE 

INVERTED PENDULUM 

Definition 3.1 (Inverted Pendulum System) [20]:  

A benchmark system for classical nonlinear control is the 

inverted pendulum on a cart. It is made up of: A mass 𝑴 

cart is travelling horizontally along a track. A pivot 

connects a pendulum with mass 𝒎  and length 𝒍  to the 

cart. A horizontal control force 𝒖 is applied to the cart. 

The cart motion is opposed by the viscous friction 

coefficient 𝒃. 

𝑥(𝑡) = [

𝑥1(𝑡)

𝑥2(𝑡)
𝑥3(𝑡)

𝑥4(𝑡)

] =

[
 
 
 
𝑥(𝑡)

𝑥̇(𝑡)

𝜃(𝑡)

𝜃̇(𝑡)]
 
 
 

∈ 𝑅4 

The nonlinear state-space representation is: 

𝐷𝑡
𝛼𝑥1  = 𝑥2 

𝐷𝑡
𝛼𝑥2 =

1

𝑀 + 𝑚 𝑠𝑖𝑛2𝑥3

[𝑢 − 𝑏𝑥2

+ 𝑚 𝑠𝑖𝑛 𝑥3(𝑙 𝑥4
2 + 𝑔 𝑐𝑜𝑠 𝑥3)] 

𝐷𝑡
𝛼𝑥3 = 𝑥4 

𝐷𝑡
𝛼𝑥4 =

1

𝑙 (𝑀 + 𝑚 𝑠𝑖𝑛2𝑥3)
[(𝑢 − 𝑏𝑥2) 𝑐𝑜𝑠𝑥3

+ (𝑀 + 𝑚)𝑔 𝑠𝑖𝑛 𝑥3

− 𝑚𝑙𝑥4
2 𝑠𝑖𝑛 𝑥3 𝑐𝑜𝑠 𝑥3] 

Around the equilibrium point  

𝑥0 = [0,0,0,0]𝑇  

the linearized matrices are: 

𝐴 =

[
 
 
 
 
 
0 1 0 0

0 −
𝑏

𝑀
−

𝑚𝑔

𝑀
0

0 0 0 1

0 −
𝑏

𝑀𝑙

(𝑀 + 𝑚)𝑔

𝑀𝑙
0]
 
 
 
 
 

 , 𝐵 =

[
 
 
 
 
 
0
1

𝑀
0
1

𝑀𝑙]
 
 
 
 
 

 (4) 

The linearized conformable fractional-order system is: 

𝐷𝑡
𝛼𝑥 = 𝐴𝑥 + 𝐵𝑢     (5) 

4. STATE FEEDBACK CONTROLLER 

DESIGN 

In this section, the following nonlinear CFOS is given:  

{
𝐷𝑡

𝛼𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + ∆(𝑥),

𝑦(𝑡) = 𝐶𝑥(𝑡),
 (6) 

where 𝑥(𝑡) ∈ ℝ𝑛 , 𝑢(𝑡) ∈ ℝ𝑚  and 𝑦(𝑡) ∈ ℝ𝑝 . 𝐴 ∈
ℝ𝑛×𝑛, 𝐵 ∈ ℝ𝑛×𝑚, 𝑎𝑛𝑑 𝐶 ∈ ℝ𝑝×𝑛 is a given that they are 

known constant matrices. Additionally, it is assumed that 

(𝐴, 𝐵) is stabilizable. 

The state feedback control law, considered in this paper, 

is: 

𝑢(𝑡) = −𝐾𝑥(𝑡) (7) 

Where 𝐾 ∈ 𝑅1×4  is the feedback gain matrix to be 

determined. 

The following theorem shows the main result:  

Theorem 2. One considers the system (6). Under 

conditions (3), the control law (7) stabilizes system (6) if 

∃  𝑋 = 𝑋𝑇 > 0 , 𝑊  and 𝜀 > 0 , such that the following 

LMI holds:  

[
𝐴𝑋 + 𝑋𝐴𝑇 − 𝐵𝑌 − 𝑌𝑇𝐵𝑇 + 𝜀𝐿2𝑋2 𝑋

𝑋 −𝜀𝐼
] < 0   

with: 

𝑋 = 𝑋𝑇 > 0 , 𝑋 ∈ 𝑅4×4 , 𝑌 ∈ 𝑅1×4  

Proof.  

By employing (6) and (7), along with Lemma 2.1, and 

substituting ∆(𝑥) with ∆, one obtains: 

𝐷𝑡
𝛼𝑉(𝑥) = (𝐷𝑡

𝛼𝑥)𝑇𝑃𝑥 + 𝑥𝑇𝑃(𝐷𝑡
𝛼𝑥)     (8) 

Substituting (6) into (7): 

𝐷𝑡
𝛼𝑥 = 𝐴𝑥 − 𝐵𝐾𝑥 = (𝐴 − 𝐵𝐾)𝑥 (9) 

Substitute (7) into the original nonlinear system: 

𝐷𝑡
𝛼𝑥 = 𝑓(𝑥, −𝐾𝑥) (10) 
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We can write: 

𝐷𝑡
𝛼𝑥 = (𝐴 − 𝐵𝐾)𝑥

+ [𝑓(𝑥, −𝐾𝑥)
− (𝐴 − 𝐵𝐾)𝑥] 

(11) 

Define the nonlinear function: 

∆(𝑥) = 𝑓(𝑥, −𝐾𝑥) − (𝐴 − 𝐵𝐾)𝑥 (12) 

Thus: 

𝐷𝑡
𝛼𝑥 = (𝐴 − 𝐵𝐾)𝑥 + ∆(𝑥) (13) 

Explicit Expression of ∆(𝑥) 

∆(𝑥) = [

0
∆2(𝑥)

0
∆4(𝑥)

] (14) 

According to (3) and ∆(0) = 0 (because at equilibrium, 

the nonlinear part vanishes), we have: 

∥ ∆(𝑥) ∥≤ 𝐿 ∥ 𝑥 ∥, ∀𝑥 ∈ 𝐷  (15) 

Equivalently: 

∆(𝑥)𝑇∆(𝑥) ≤ 𝐿2𝑥𝑇𝑥 = 𝐿2𝑥𝑇𝐼 𝑥   (16) 

Choose the quadratic Lyapunov function and using the 

chain rule for the conformable fractional derivative same 

as (8) then substitute 𝐷𝑡
𝛼𝑥 from (13): 

𝐷𝑡
𝛼𝑉 = [(𝐴 − 𝐵𝐾)𝑥 + ∆]𝑇𝑃𝑥

+ 𝑥𝑇𝑃[(𝐴 − 𝐵𝐾)𝑥 + ∆]        
(17) 

𝐷𝑡
𝛼𝑉 = 𝑥𝑇(𝐴 − 𝐵𝐾)𝑇𝑃𝑥 + ∆𝑇𝑃𝑥

+ 𝑥𝑇𝑃(𝐴 − 𝐵𝐾)𝑥 + 𝑥𝑇𝑃∆  
(18) 

Note that ∆𝑇𝑃𝑥 and 𝑥𝑇𝑃∆ are scalars, and they are equal 

because: 

∆𝑇𝑃𝑥 = (∆𝑇𝑃𝑥)𝑇 = 𝑥𝑇𝑃𝑇∆= 𝑥𝑇𝑃∆ 

 (Since 𝑃 = 𝑃𝑇) 

Therefore: 

𝐷𝑡
𝛼𝑉 = 𝑥𝑇[(𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾)]𝑥

+ 2𝑥𝑇𝑃∆ 
(19) 

For any 𝜀 > 0, the following inequality holds[14]: 

2𝑥𝑇𝑃∆≤
1

𝜀
𝑥𝑇𝑃2𝑥 + 𝜀∆𝑇∆  (20) 

Since  𝑥𝑇𝑃∆= ∆𝑇𝑃𝑥 , we obtain (0))  And apply the 

Lipschitz Condition (16) and into (20): 

2𝑥𝑇𝑃∆ ≤
1

𝜀
𝑥𝑇𝑃2𝑥 + 𝜀𝐿2𝑥𝑇𝑥  (21) 

Upper Bound for 𝑫𝒕
𝜶𝑽 

Substitute (21) into (19): 

𝐷𝑡
𝛼𝑉 ≤ 𝑥𝑇[(𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾)]𝑥

+
1

𝜀
𝑥𝑇𝑃2𝑥 + 𝜀𝐿2𝑥𝑇𝑥 

(22) 

Factor 𝑥𝑇 on the left and 𝑥 on the right: 

𝐷𝑡
𝛼𝑉 ≤ 𝑥𝑇 [(𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾)

+
1

𝜀
𝑃2 + 𝜀𝐿2𝐼] 𝑥  

(23) 

Asymptotic Stability Condition 

For asymptotic stability, we require  𝐷𝑡
𝛼𝑉 < 0 for all 𝑥 ≠

0. A sufficient condition is that the matrix in brackets is 

negative definite: 

(𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾) +
1

𝜀
𝑃2 + 𝜀𝐿2𝐼 < 0  (24) 

This is a nonlinear matrix inequality (because of the 
1

𝜀
𝑃2 term). 

Apply Schur Complement to Linearize 
1

𝜀
𝑃2  

Let us define: 

𝑄 = (𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾) + 𝜀𝐿2𝐼    (25) 

𝑆 = 𝑃, 𝑅 = 𝜀𝐼 (note: 𝑅 > 0 since 𝜀 > 0) 

Compute: 

𝑄 + 𝑆𝑅−1𝑆𝑇 = 𝑄 + 𝑃(𝜀𝐼)−1𝑃𝑇 = 𝑄 +
1

𝜀
𝑃2 (26) 

Therefore, condition (24) 𝑄 +
1

𝜀
𝑃2 < 0 is equivalent to: 

[
(𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾) + 𝜀𝐿2𝐼 𝑃

𝑃 −𝜀𝐼
]

> 0  
(27) 

This is a linear matrix inequality in 𝑃  (since 𝐾  appears 

linearly as well). 

Change of Variables to Obtain Standard LMI Form 

To define the new variable: 𝑋 = 𝑃−1 ∈ 𝑅4×4  , 𝑋 = 𝑋𝑇 >
0  and 𝑌 = 𝐾𝑋 ∈ 𝑅1×4   

Consider the block diagonal matrix: 

[
𝑋 0
0 𝐼

] ∈ 𝑅  (28) 

Pre-multiply and post-multiply (27) by this matrix: 

[
𝑋 0
0 𝐼

] [
(𝐴 − 𝐵𝐾)𝑇𝑃 + 𝑃(𝐴 − 𝐵𝐾) + 𝜀𝐿2𝐼 𝑃

𝑃 −𝜀𝐼
] [

𝑋 0
0 𝐼

]

< 0 
(29) 

Simplify Each Block Upper-left block: 

𝑋(𝐴 − 𝐵𝐾)𝑇𝑃𝑋 + 𝑋𝑃(𝐴 − 𝐵𝐾)𝑋 

Expand: 

= 𝑋(𝐴 − 𝐵𝐾)𝑇𝑃𝑋 + 𝑋𝑃(𝐴 − 𝐵𝐾)𝑋 + 𝜀𝐿2𝑋2 (30) 

Now: 

𝑋(𝐴 − 𝐵𝐾)𝑇𝑃𝑋 = 𝑋(𝐴𝑇 − 𝐾𝑇𝐵𝑇)(𝑃𝑋)
= (𝑋𝐴𝑇 − 𝑋𝐾𝑇𝐵𝑇)𝐼 

Since  

𝑃𝑋 = 𝐼 = 𝑋𝐴𝑇 − 𝑋𝐾𝑇𝐵𝑇 

But 
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𝑋𝐾𝑇 = (𝐾𝑋)𝑇 = 𝑌𝑇𝑋𝐾𝑇 

= (𝐾𝑋)𝑇 = 𝑌𝑇 

Thus: 

𝑋(𝐴 − 𝐵𝐾)𝑇𝑃𝑋 = 𝑋𝐴𝑇 − 𝑌𝑇𝐵𝑇 (31) 

Similarly: 

𝑋𝑃(𝐴 − 𝐵𝐾)𝑋 = (𝐴 − 𝐵𝐾)𝑋 

= 𝐴𝑋 − 𝐵𝐾𝑋 = 𝐴𝑋 − 𝐵𝑌 
(32) 

Therefore, the upper-left block becomes: 

𝑋𝐴𝑇 − 𝑌𝑇𝐵𝑇 + 𝐴𝑋 − 𝐵𝑌 + 𝜀𝐿2𝑋2

= 𝐴𝑋 + 𝑋𝐴𝑇 − 𝐵𝑌 − 𝑌𝑇𝐵𝑇

+ 𝜀𝐿2𝑋2   
(33) 

Upper-right block: 𝑋𝑃 = 𝐼  and Lower-left block: 

𝑃𝑋 = 𝐼 

Lower-right block remains: − 𝜀𝐼  

Final LMI Formulation by Combining all blocks: 

[𝐴𝑋 + 𝑋𝐴𝑇 − 𝐵𝑌 − 𝑌𝑇𝐵𝑇 + 𝜀𝐿2𝑋2 𝑋
𝑋 −𝜀𝐼

]

< 0 
(34) 

with: 

𝑋 = 𝑋𝑇 > 0   , 𝑋 ∈ 𝑅      𝑌 ∈ 𝑅1×4    𝜀 > 0   

Once (34) is solved for 𝑋 and 𝑌, the feedback gain matrix 

is recovered as: 

𝐾 = 𝑌𝑋−1 ∈ 𝑅1×4             (35) 

Theorem 3: (LMI-Based Stability Condition in the 

Presence of Nonlinearities) 

Consider the Conformable Fractional Derivative (CFD) 

inverted pendulum system described by (13), where the 

nonlinear function ∆(𝑥) satisfies the Lipschitz condition 

(3) with constant 𝐿 > 0 in the operating domain 𝐷 ⊂ 𝑅4. 

If there exists a symmetric positive definite matrix 𝑋 ∈
𝑅4×4, a matrix 𝑌 ∈ 𝑅1×4, and a scalar 𝜀 > 0 such that the 

LMI (34) holds, then the closed-loop system (13) with the 

state-feedback controller 𝑢 = −𝐾𝑥, where 𝐾 = 𝑌𝑋−1, is 

asymptotically stable.  

This ends the proof. 

5. SIMULATION RESULTS 

This section presents a simulation analysis and a numerical 

example to demonstrate the effectiveness of the suggested 

stabilizing approach for the under consideration fractional 

order nonlinear systems. We can simulate using 

MATLAB's code function since the Confirmable Fractional 

Derivative (CFD) specification includes the integer order 

derivative. Equation (6) employs the system parameters, 

which are listed in table 1. 

Table 1: The parameters of the inverted pendulum 

system 

Parameter 
Sym

bol 
Value-Unit Description 

Cart mass 𝑀 1 𝑘𝑔 Mass of the cart 

Pendulum mass 𝑚 0.1 𝑘𝑔 
Mass of the 
pendulum 

Pendulum length 𝑙 0.5 𝑚 
Half-length of 

pendulum (pivot to 

center of mass) 

Gravity 𝑔 9.81𝑚/𝑠2 
Gravitational 

acceleration 

Friction 

coefficient 
𝑏 0.1 𝑁. 𝑠/𝑚 

Viscous friction of 
the cart 

 

𝐴 = [

0 1 0 0
0 −0.1 −0.981 0
0 0 0 1
0 −0.2 21.582 0

] , 𝐵 = [

0
1
0
2

] 

, 𝑐 = [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

],      ∆(𝑥) = [

0
∆2(𝑥)

0
∆4(𝑥)

] , 

∆2(𝑥) =
1

𝑀 + 𝑚 𝑠𝑖𝑛2 𝑥3

[−𝐾𝑥 − 𝑏𝑥2

+ 𝑚 sin 𝑥3(𝑙𝑥4
2 + 𝑔 cos 𝑥3)]

− (−
1

𝑀
𝐾𝑥 −

𝑏

𝑀
𝑥2 −

𝑚𝑔

𝑀
𝑥3) 

∆4(𝑥) =
1

𝑙(𝑀 + 𝑚 𝑠𝑖𝑛2 𝑥3)
[(−𝐾𝑥 − 𝑏𝑥2)𝑐𝑜𝑠 𝑥3

+ (𝑀 + 𝑚)𝑔𝑠𝑖𝑛 𝑥3

− 𝑚𝑙𝑥4
2 𝑠𝑖𝑛 𝑥3 𝑐𝑜𝑠 𝑥3] − (−

𝑏

𝑀𝑙
𝑥2

+
(𝑀 + 𝑚)𝑔

𝑀𝑙
𝑥3 −

1

𝑀𝑙
𝐾𝑥) 

Conditions (3) have been met with 𝐿 = 2.34. The LMI 

(34) is solved with 𝜀 = 0.1 using the MATLAB (LMI) 

toolbox. The result is as follows:  

𝑋 = [

0.0085 0.0048 −0.0012 0.0003
0.0048 0.0129 −0.0007 0.0025

−0.0012 −0.0007 0.0190 0.0037
0.0003 0.0025 0.0037 0.0251

] 

𝑌 = [−0.1165 −0.1867 2.4205 0.4932], 

  𝐾 = 𝑌𝑋−1

= [−13.7098 −14.3132 125.6020 19.3570] 

(𝐴 − 𝐵𝐾)

= [

0 1 0 0
13.7098 14.3132 −126.5830 −19.3570

0 0 0 1
27.4196 28.4264 −229.6220 −38.7140

] 

The simulation results confirm that the LMI-based 

controller successfully stabilizes the nonlinear 

conformable fractional-order inverted pendulum system 

with 𝛼 =  0.75. As shown in Figure 1, the cart position 

stays within ±0.025 m with no oscillations and returns 

smoothly to equilibrium after an initial peak at 𝑡 =  1.5s, 

see figure (1-a). The control input is smooth and 

completely free of chattering, making it suitable for real 

actuators figure (1-b). The pendulum angle, with 10° 
initial condition, settles in about 2.5 seconds with only 

2 − 3%  overshoot and remains within 0.2  of upright, 

showing well-damped behavior without visible 

oscillations figure (1-c), while both cart and angular 
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velocities converge smoothly to zero without sustained 

oscillations figure (1-d). For the sake of comparison, the 

same controller is compared to an integer order controller, 

setting (𝛼 =  1). The response of the system with both 

controllers are shown in figure 2. The fractional-order 

system settles faster with less overshoot, demonstrating 

beneficial damping from the conformable derivative, 

whereas the integer-order response shows more 

oscillations between 1 − 3 seconds (2-a). Additionally, 

the fractional-order controller achieves better 

performance with lower control effort, indicating more 

efficient energy usage (2-b). Finally, the phase portrait in 

Figure 3 shows the trajectory spiraling smoothly toward 

the equilibrium at (0,0) without limit cycles, confirming 

asymptotic stability and robust performance. Overall, the 

LMI-based controller provides excellent stabilization for 

the fractional-order inverted pendulum, with faster 

response, lower overshoot, smoother control, and better 

energy efficiency than the integer-order equivalent. 

 
Fig 1: Conformable Fractional-Order Inverted Pendulum Response 

(𝛼 =  0.75) 

 

Fig 2: Performance Comparison: Fractional vs Integer Order 

 

Fig 3: Phase Portrait of Pendulum 

6. CONCLUSIONS 

This study successfully demonstrated the stabilization of 

a conformable fractional-order inverted pendulum using 

an LMI-based state feedback controller. The simulation 

results clearly show that the fractional-order system (𝛼 =
 0.75) outperforms the integer-order system (𝛼 =  1). 

The smooth control signals and exponential decay of the 

state norm confirm the effectiveness and stability of the 

proposed LMI approach. These findings validate that 

fractional-order modeling offers significant advantages 

for underactuated mechanical systems, providing 

improved transient response and reduced control effort 

compared to traditional integer-order control. 
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